We consider an existing framework of models where the neutrino Dirac and Majorana mass terms are related, and clarify how the mass structures interact through the type I seesaw mechanism, producing exact tri-bi-maximal mixing for the effective neutrinos in the limit of strong Majorana mass hierarchy (sequential dominance). In order to better illustrate this, we draw the seesaw diagrams expanded to show the relevant details, discuss an underlying symmetry that must be preserved by the neutrino mass terms, and diagonalise the effective neutrino mass matrix corresponding to the sequential dominance limit.
Introduction
The observed neutrino oscillation parameters [1, 2] are well approximated by the tri-bi-maximal (TBM) mixing structure [3, 4, 5, 6, 7] , in which the leptonic mixing matrix U P MN S takes the form: In [8] , an SU (3) f family symmetry commuting with an underlying SO(10) supersymmetric (SUSY) grand unified theory (GUT) was used to explain the observed fermion masses and mixings. In [9] , within the same SUSY GUT framework of [8] , SU (3) f was replaced by its discrete subgroup, ∆ (27) [10, 11, 12, 13] . The model of [9] is much simpler and achieves essentially the same results. Both models feature leptonic mixing close to eq.(1), obtained through a combination of small mixing angles in the charged lepton sector, and exact TBM mixing in the effective neutrinos.
In this short note we intend to explicitly show how neutrino Dirac and Majorana terms sharing the same key properties to the terms used in [8, 9] produce effective neutrino TBM mixing, when they interact through the type I seesaw mechanism [14, 15, 16, 17, 18, 19] . One of the necessary ingredients is a strong hierarchy in the Majorana masses, as the framework relies on sequential dominance [20, 21, 22, 23] .
The family symmetry is broken by the vacuum expectation values (VEVs) of the flavon fields. The flavons are Standard Model (SM) singlet fields and are charged under the family symmetry. In the framework of [8, 9] the flavons are anti-triplets and generically denoted asφ i (the superscript i is the family symmetry index). The fermions are then assigned as triplets of the family symmetry and specifically denoted ν i and ν c i (for the neutrinos) or generically denoted as ψ i and ψ c i (respectively, left-handed fermions and the charge conjugate of the right-handed fermions, see [24] ). H represents the usual Higgs fields of the SUSY SM. Typically terms of the formφ i ψ iφ j ψ c j H will give rise to (Dirac) mass terms through the Froggatt-Nielsen mechanism [25] , when the flavons and H acquire their VEVs ( φi and H ).
To obtain the required neutrino masses, at least three flavons are used:φ 
The VEVs are in general complex and we omit the phases for simplicity, except the minus in eq.(3) that gives the necessary orthogonality between φ 23 and φ 123 . These VEVs define a basis in family space, which we denote as the flavon VEV basis. In general, in this basis the charged lepton mass matrix is not diagonal. In a full model there should be a justification for the non-trivial alignment of these VEVs, and for the absence (or suppression) of some undesirable superpotential terms, but here we simply highlight the role of the VEVs in the framework and outline the desired form of the superpotential. In order to demonstrate how the mixing is obtained it is convenient to focus on the flavon fields that contract with the family index of ν i and ν c i in the Yukawa and Majorana superpotential terms, respectively P Y and P M . Additional fields are in general required to make the terms invariant under all the symmetries, but as they contribute solely to the overall magnitude of the term we need not mention them explicitly here, and to keep the discussion focused we will absorb into λ coefficients all contributions to a term's magnitude (other than the explicit a, b, c of eq. (2), eq. (3) and eq. (4)). In absorbing magnitude contributions into the λ, we are also glossing over the Froggatt-Nielsen messengers (for more details on the Froggatt-Nielsen messenger sector see [24] ).
Neutrino Dirac and Majorana mass terms
We will now illustrate the properties that neutrino masses must possess to belong to the framework of [8, 9] .
The Yukawa superpotential P Y must have terms that mixφ 
As discussed in the introduction, we highlight the structure of the family index contractions by absorbing everything else into the λ.
In SUSY GUT models (such as [8, 9] ) the term in eq.(6) also gives rise to the heaviest charged fermion of each family (top quark, tau lepton), so it needs to be greater in magnitude than the other terms:
The equality λ @ = λ ⊙ (used in [8, 9] ) can be justified by the underlying SO(10) GUT, and plays an important role in getting the tri-maximal mixing.
It is important to note that terms includingφ In [8, 9] there are more terms than in eq.(5), but they decouple from the neutrino sector.
In contrast with P Y , the Majorana superpotential P M needs terms that don't mixφ 
Again the λ allow us to focus on the family index contractions.
To make use of sequential dominance, the framework relies on the hierarchy of the neutrino Majorana masses:
The dominance of the term in eq. (10) is very relevant, as it enables the suppression of the dominant Dirac term, eq.(6) (through the type I seesaw mechanism). The framework requires the leading Majorana term to feature the contraction of ν c i with a field whose VEV aligns in the same direction as φi 3 (for eq. (10) 
diagrams
In order to understand how exact TBM mixing is obtained after the type I seesaw, it is useful to analyse expanded seesaw diagrams. We will consider that only right-handed Froggatt-Nielsen messengers contribute (see [24] for details), so we draw diagrams with H next to ν and neglect all diagrams with H in intermediate positions.
In order to obtain the effective neutrino masses, we start with one of the P Y terms, which converts a ν into a ν c , then the ν c have Majorana masses from P M , and ν appears in the external line again through a term from P Y . Starting with eq.(6), eq. (10) is the only Majorana term involving the necessaryφ eq. (11) is the only choice, and we conclude with eq.(8) again, in figure 3 . Each diagram repeats the same ν i contraction in both external lines, so with figure 1 decoupling (due to eq.(13), despite eq. (9)), we conclude that ν @ ≡ φi 23 ν i (figure 2) and ν ⊙ ≡ φi 123 ν i (figure 3) are mass eigenstates. As λ 23 |b| 2 > λ 123 |c| 2 , the heaviest state is ν @ . In the flavon VEV basis, ν @ ∝ ν 2 − ν 3 has equal 1 The requirement is that ν c i must contract with a field whose VEV is aligned along φi 3 , not necessarilyφ i 3 itself (as in [8, 9] where a different field contracts with ν c i ). parts of the second and third families, and the lighter ν ⊙ ∝ ν 1 + ν 2 + ν 3 is equal parts of all three families. We have exact neutrino TBM mixing (the lightest state is the orthogonal combination). While we won't specify the charged lepton masses, we note that in SUSY GUT models with underlying SO(10) (like [8, 9] ) the charged leptons have small mixing (the charged lepton mass terms are shared by the down quarks, see [24] for more on the corrections to TBM mixing). If the model is embedded in this type of SUSY GUT, charged lepton mixing won't deviate leptonic mixing far from TBM. ν @ is then the atmospheric neutrino state and ν ⊙ the solar state, hence the subscript labels (the framework leads to a normal hierarchy, but we avoid the ν 3 and ν 2 notation of these states due to our use of the family index subscript). The resulting leptonic mixing will be close to eq. (1) and thus within the current experimental bounds.
Effective symmetry
Another way to understand how the P Y and P M terms combine to give neutrino TBM mixing is to notice that the terms actually preserve an effective symmetry 2 that, after type I seesaw, leads to the effective neutrino TBM Lagrangian L ν :
The Λ are related with the respective λ and to the appropriate Majorana masses.
L ν gives TBM mixing as there is no mixing between ν @ and ν ⊙ . Consider a Z 2 symmetry under which φ 23 → −φ 23 , which keeps the unwantedφ i 23 ν iφ j 123 ν j term out of eq. (14) . Under this Z 2 the P Y terms in eq. (7) and eq.(8) are invariant, if we have also (for example) ν → −ν (still preserving L ν ). Eq. (6) is not invariant under these assignments, but that won't matter as long as the largest Majorana mass decouples φ i 3 ν i from L ν . With these charge assignments, P Y can't have terms with aφ 23 pair or with aφ 123 pair. In contrast, the Majorana terms are invariant if they include either two or zeroφ 23 , as in eq. (11) and eq. (12) . These are precisely the framework's key properties that P Y and P M must possess in order to produce TBM for the effective neutrinos (in complete models the effective Z 2 symmetry results from the symmetries keeping those unwanted terms out of P Y and P M ).
Explicit diagonalisation
The neutrino mass terms in P Y give rise to the Dirac neutrino mass matrix M D :
As
The mass terms in P M give rise to the Majorana neutrino mass matrix M M : 
The matrices are presented in the flavon VEV basis, where they are easy to write as the flavon VEVs are the (easy to remember) eq.(2), eq.(3) and eq.(4). We can input M D and M M into the type I seesaw formula:
m ν can then be diagonalised, and the eigenvectors must correspond to neutrino TBM mixing when there is sufficient hierarchy in the Majorana masses. It is perhaps more pedagogical to take the large λ 3 |a| 2 limit before diagonalisation, enabling an explicit analytical calculation of the eigenvectors. In this limit, the third column of M D decouples from the effective neutrinos, so we can consider the simplified form M ′ D (despite M 33 D being larger than the other entries):
We defined D ≡ λ @ bc ≡ λ ⊙ bc. In the same limit, we can use M 
Summary
We highlighted the key properties of the framework of neutrino mass terms used in [8, 9] , illustrating it with simple terms in P Y and P M . We then explained how those terms interact through the type I seesaw mechanism and, if there is enough hierarchy in the Majorana masses to result in sequential dominance, give rise to effective neutrino masses that correspond to exact neutrino TBM.
